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. Abstract. Let G be a finite group, A an absolutely irreducible Z[G]-module and w a weight 

of A. To any Galois covering with group G we associate two correspondences, the Schur and 
the Kanev correspondence. We work out their relation and compute their invariants. Using 
this, we give some new examples of Prym-Tyurin varieties. 
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1. Introduction 



Recall that a Prym-Tyurin variety of exponent e in the Jacobian JC of a smooth projec- 
\ tive curve C is by definition an abelian subvariety P of JC such that the canonical principal 
polarization restricts to the e-fold of a principal polarization on P. Starting from a complex 
semisimple Lie algebra g, a rational map / : C — > g such that all but a finite number of elements 
/(£) are regular and semisimple, and a faithful irreducible representation p : g — > gl(V), Kanev 
associated in [8] a spectral cover C — > P 1 . Moreover, denoting by W(g) the Weyl group of g, 
given a Z[W(g)]-module A induced by the representation p, he constructed a correspondence on 
the curve C which under suitable assumptions defines a Prym-Tyurin variety in the Jacobian 

■ 

In this paper we consider the Kanev correspondence from a slightly different point of view, 
f"*". ■ Let G be an arbitrary finite group. We start with a Galois covering n : X —>■ P 1 with Galois 
^ , group G and an absolutely irreducible Z[G]-module A. A weight of A is by definition an element 
^ w £ W = A ® z Q satisfying gw — w G A for all g £ G. In the case of a Weyl group this is 
^ 1 equivalent to the usual definition. 

To every such triple (G, A, w) one can associate two correspondences in a natural way. First 
it defines a canonical negative definite G-invariant symmetric bilinear form ( , ). Schur's 
orthogonality relations induce a correpondence S w on the curve X. If H denotes the stabilizer 
subgroup of w in G, we call the push-down S w of S w to the quotient curve C = X/H the 
Schur correspondence associated to the triple. On the other hand, Kanev's construction gives a 
correspondence K w on C, which we call the Kanev correspondence associated to the triple. The 
main result of the paper is the following relation between both correspondences (see Theorem 

S W + \H\ 2 (A-K W ) = [(w,w) + l]\H\ 2 T. 

Here A denotes the identity correspondence and T the trace correspondence of the covering 
C -> P 1 . Noting that every correpondence on C defines an abelian subvariety of the Jacobian 
JC, we obtain as a consequence that the the abelian subvariety associated to the Schur and 
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Kanev correspondences coincide. Moreover we apply this relation in order to compute the in- 
variants of the Kanev correspondence. 

In the last part of the paper we use our results and Kanev's criterion (see [?]) in order to 
construct new families of Prym-Tyurin varieties. 

In the first set of examples G is the Weyl group of type Eq which was already considered in 
[8], where every covering C — > P 1 with such a monodromy group with "simplest ramification" 
provides a Prym-Tyurin variety. We obtain other examples, since the formula of Proposition 
14.21 allows us to admit more general coverings (see Remark 15.41) . 

Another family of examples uses the alternating group A n , n > 4 which is not a Weyl group. 
Although the representation A is the restriction of an absolutely irreducible representation of 
the symmetric group S n , the Prym-Tyurin varieties cannot be constructed using this group, 
since first of all the coverings are different and moreover the ramification is not of simplest 
type. Instead, the ramification is given by 3-cycles. 

The contents of the paper is as follows: In Section [2] we introduce the Schur correspondence 
and prove a formula which will be used to prove the relation with the Kanev correspondence. 
Section 3 contains the definition of the Kanev correspondence and the proof of the above 
mentioned relation. In Section 4 we compute the invariants of the correspondences. Finally 
Section 5 contains the examples. 



Let G be a finite group and A an absolutely irreducible Z-representation of rank n of G. So 
A is a lattice on which there is a left action of G: (g, A) i— > g ■ A = gX. The action extends to 
an action of G on the Q-vector space 



The elements w G W with the property gw — w G A for all g G G are called the weights of the 
representation A. The weights of A form a lattice P containing A with P/A ~ H l (G,A). In 
the special case that G is the Weyl group of a root system, this notion coincides with the usual 
notion of weights (see [8], Prop. 3.2). Since W is an absolutely irreducible Q-representation, 
there is, up to a constant, a unique G-invariant bilinear form on W. 

Now let w G W be a weight, which is fixed in the sequel. Then there is a unique negative 
definite G-invariant symmetric bilinear form ( , ) on If such that 



(1) (w, A) G Z for all A G A, and 

(2) any G-invariant symmetric bilinear form on W with property (1) is an integer multiple 



One can associate to any weight w a projector of the rational representation ring Q[G] by 



The fact that p w is a projector, is equivalent to Schur's orthogonality relations (see [13] Ch.2, 
Thm. 8). 



2. The Schur correspondence 



W = A ® z Q. 



of (,). 
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Consider a Galois covering 

7T : X -> P 1 

with Galois group G. Thus X is a smooth projective curve with a left action of G, denoted 
by (g,x) I— > <7(x), with quotient P 1 . The projector p w of Q[G] induces a correspondence with 
rational coefficients on X over P 1 , namely 

S w = ^2(w,gw)T g . 

g eG 

Here V g E X x X denotes the graph of the automorphism g of X. Considered as a map of X 
into the group Div(X) of divisors of X, S w is given by 

S w (x) = ^2(w,gw)g(x). 

The G-invariance of ( , ) implies that S is symmetric. Moreover note that ^2 ge c gw is G- 
invariant and thus in W, which implies 

deg S w = ^(w, gw) = (w, gw) = 0. 

geG geG 

Because of its connection to Schur's relations we call S w the Schur correspondence of X asso- 
ciated to the weight w. It is a correspondence with rational coefficients. 
Consider the subgroup H = Stab G (w) of G. Denoting C = X/H we get a diagram 



(2-1) X 




C 



Remark 2.1. Recall that the core of a subgroup G' of G is defined as the intersection of all 
conjugate subgroups of G' . With the above notation we have the following facts: 

(1) it : X — > P 1 is the Galois extension of ip : C — > P 1 if and only if Core (H) = 1. 

(2) Core (H) = ker(p), where p : G — >■ GL(W) denotes the homomorphism defined by W. 
This implies that in the case of a faithful representation W the covering it : X — > P 1 is the 
Galois extension of ip : C — X/H — > P 1 . In particular the branch locus of 7r and ^ is the same, 
and the monodromy group of ^ coincides with the Galois group of ir. 

The correspondence S w on X descends to a correspondence on C, namely 

S w = (ipx ip)*S w C C x C. 

In order to express this correspondence as a map of C into a symmetric product of C, denote 
[G : H] — d and let . . . , g d } denote a set of representatives for the left cosets of H in G: 



G = ut =1 9iH. 
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Proposition 2.2. For any c = ip(x) G C 

d 

S w {c) = \H\ 2 ^(w, g i w)ip(g~ 1 (x)). 
i=i 

Proof. Since H is the stabilizer of w we have by definition of S w 

d 

s w(c) = ^2^2(w,gihw)^2 <p{9ihh!(x)) 
i=i heH h'eH 
d 

= \ H \^2^2( w '9iw)^{9ik{x)) 
i=i feeif 

Now, if {gi} is a set of representatives for the left cosets of H, then {gj 1 } is a set of repre- 
sentatives for the right cosets of H. Hence for any pair (k, i) G H x {1, . . . , d} there is a unique 
pair (h,j) & H x {1, . . . ,d} such that gik = hgj 1 . Moreover, if g^k runs exactly once through 
G, so do the elements hgj 1 . This implies, since ( , ) is G-invariant and since H stabilizes w, 

d 

S w {c) = iHl^^iw^iW^ihg-^x)) 
i=i heH 
d 

i=i heH 

which implies the assertion. □ 

The correspondence S w has degree and thus is not effective. We will use the following 
lemma to find an effective correspondence which is equivalent to S w i.e., it induces the same 
endomorphism a w of the Jacobian JX. 

Lemma 2.3. (1) (w,gw) — (w,w) is an integer for all g e G. 
(2) (w, gw) > (w, w). If g E G\H, then (w, gw) > (w, w). 

Proof. (1) is clear, since (w, gw) — (w, w) = (w, gw — w) G Z as w is a weight. For the proof of 
(2), note 

(2.2) > (gw — w, gw — w) = (gw, gw) — 2(w, gw) + (w, w) = 2[(w, w) — (w, gw)} 

implying (w,gw) > (w,w) for all g G G. If g G G\H, we have > 2[(w,w) — (w,gw)] and 
thus (w,gw) > (w,w). □ 

Now define a correspondence D w on X by 

D w := S w - ^2(w,w)Tg, 
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Considered as a map X — > Div(X) the correspondence D w is given by 

D w (x) := ^[(w,gw) - (w,w)]g(x). 
g eG 

Proposition 2.4. (1) D w is an effective symmetric correspondence of X in X of degree 

— \G\(w, w) with integer coefficients. 

(2) The correspondences S w and D w are equivalent. 

Proof. According to Lemma 12.31 we can write 

D w = {(x,y) £ X x X : y = g(x), (w, gw) > (w, w)} 

and thus D w is effective with integer coefficients. Next we claim that D w is symmetric. To see 
this, let y = g(x). Then D w (y) = J^hecK 10 ^ ^w) ~ ( w i w ))h(y)- The G-invariance of ( , ) gives 

(w,g~ 1 w) — (w,w) = (w,gw) — (w,w). 

Using Lemma [2. 3 [ this implies x G D w (y) if and only if g ^ H if and only if y G D w (x). 

The degree of D w is given by 

degD w = ^2[(w,gw) - (w,w)] = (^gw^w) - \G\(w,w) = -\G\(w,w). 

geG geG 

This completes the proof of (1). For (2) it suffices to note that Yl,geG9^ x ) ls ^ ne pull-back of 
the point ir(x) in P 1 . □ 

Remark 2.5. Since the degree of D is large in general, in most cases the correspondence D w 
will have fixed points. But there might be examples, where (w,w) is a small positive rational 
number, in which case the degree is not as large. 

3. The Kanev correspondence 

Let the notation be as in the previous section. We want to study the polarization on the 
abelian subvariety B w of JX, associated to a Schur correpondence, which is induced by the 
principal polarization 6 of JX. For this, the correspondences S w and D w seem to be of little 
use (see Remark 12.51) . Kanev introduced in [8] an effective integral correspondence on the curve 
C, which we discuss in this section. 

As in the last section, let {g\ = 1, g%, . . . , gd} denote a set of representatives of the left cosets 
of H in G. 

Lemma 3.1. The number (giW,gjw) — (w,w) — 1 is a non-negative integer for all i ^ j. 

Proof. Since the scalar product ( , ) is G— invariant, it is sufficient to show that (w, gw) — (w, w) — 
1 is a non-negative integer for all g G G \ H . But if g G G \ H, the negative definiteness of ( , ) 
and (12.21) imply (w, gw) > (w, w). On the other hand, gw — w G A and then (u>, gw) — (w, w) — 1 
is a non-negative integer for all g G G \ H. □ 
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Denote by U the complement of the branch locus B of ip (or tt) in P 1 . Fix a point £ G U. 
Since H is the stabilizer of w, the group G acts on the set {w = giiv, g?w, . . . , g d w} as well as on 
the fibre V ;_1 (^o)- Choosing an element in the fibre ^ _1 (^o) induces a G-equivariant bijection 

{giw,...,g d w} ^ ^ _1 (£o)- 

In the sequel we identify the elements of both sets. In other words, we label the elements of 
the fibre ^ _1 (£o) by giiv, g d w. 

For every point £ G U choose a path 7^ in U connecting £ and £o- The path defines a bijection 

P ■ (0 -* V^" 1 (£0) = = 10, . . . , g d w} 

in the following way: For any c G denote by % the lift of 7^ starting at c. If gjW G , 0~ 1 (£o) 

denotes the end point of %, define 

//(c) = QjW. 

Define 

K UfV) := {(x,y) G x ^\U) : (ji(x) , fi(y)) -(w,w)-l> 0}. 

and let denote the closure of Kjj jW in C x C. According to Lemma I3.1[ is an integral 
symmetric effective correspondence on G. 

We claim that the correspondence K w is canonically associated to the triple (ir,A,w), i.e. 
does not depend on the choice of the path 7^ connecting £ and £o- 

To see this, note that according to Remark 12.11 the monodromy group of the covering ip : 
G — > P 1 coincides with the Galois group of the Galois covering generated by ip and thus is a 
quotient of the Galois covering X of P 1 . Thus the assertion is a consequence of the G-invariance 
of the form ( , ). 

We call K w the Kanev correspondence associated to the weight w, since it was introduced 
by Kanev in [8] in a slightly different set up. Considered as a map G — > Div(C), it is given by 

d 

(3.1) K w (c) = ^[(/i(c),5fjw) - (w,w) - lj^igjw) + c. 

3=1 

Note that c is added, since in the sum c appears with coefficient —1, because (//(c) , g^w) = 
(w, w) if //(c) = giW. In the next section we need the following description of K w (c). Note that, 
according to our construction, for any c G ip^iJJ), there is a unique integer i c , 1 < i c < d such 
that //(c) = gi c w. 

Proposition 3.2. If c G ip~ l (U) with //(c) = <7j c u> ; t/ien 

d 

i=2 
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Proof. Considering Equation 13.11 and using the G-invariance of 
K w {c) = [(K c ),9j w ) ~ 0> w ) - 

l(9i^{c),9r c 1 9jw)-{w,w)-l]iJ,~ 1 {g j w) 

d 
3=2 



□ 



Next we want to work out how the Kanev correspondence K w is related to the Schur corre- 
spondence S w on the curve C. For this we need a special choice of the set of representatives 
gi, . . . , gd of the left cosets of the subgroup H of G. 

Lemma 3.3. For any subgroup H of a finite group G there is a set of representatives {gi, . . . , g^} 
of the left cosets gH of H, such that {g^ 1 , ■ ■ ■ , g^ 1 } is also a set of the left cosets of H in G. 

Proof. It is a consequence of the marriage theorem of combinatorics that there is a set of 
representatives {gi, . . . , gd} of the left cosets of H in G which is also a set of representatives of 
the right cosets of H in G (see e.g. [6] Theorem 5.1.7). But if {g X) . . . ,g d } are representatives 
of the right cosets, their inverses {g^ 1 , ■ ■ ■ , gj 1 } are representatives of the left cosets. □ 

In the sequel we choose a set of representatives {gi, . . . , gd} as in Lemma [3731 Clearly we can 
assume moreover g\ — 1, implying g±w = w. 

Proposition 3.4. If c G ip~ l (U) with /x(c) = gi c w, then 

d 

S w (c) = \H\ 2 ^2(w, gjw)fi~ 1 (g ic g j w) 
j'=i 

Proof. In the proof of Proposition 12. 2\ we saw that 

d 

(w, gjw) ^ ip(hg i 1 (x)) 

where a; is a point in the fiber v 9_1 ( c ) C X. 

Suppose first that //(c) = w, i.e. i c — 1. As G acts by left multiplication on the set {gi, . . . , go}, 
we have 

gn(<p(x)) = n(<p(gx)) 
for all g G G. Since h[i(c) = w for all h G H, this implies 

ip(hgj l x) = ip{gj l x) = n' 1 (gj l n(<p(x)) = ^{gj 1 ™) 
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for all j and h E H. Therefore we get, using (w,gjiu) = (gjW,w) = (gJ l gjW,g~ l w) by the 
G-invariance and symmetry of ( , ), 

d 

S w (c) = \H\ 2 ^2(w,g j w)ii~ 1 (gJ 1 w) 
3=1 

d 
d 

3=1 

where for the last equation we used that the set of representatives {gi, . . . , gd} has the property 
of Lemma 13. 31 

Finally, if fi(c) ^ w, we have g^ fj,(c) = w. Hence we can apply the above equation to the 
bijection ju = g' 1 ■ /i : ^(^(c)) -> {gxw, g d w}, which gives 



S w (c) = \H\ 2 ^2(w,gjw)n 1 (g j 
i=i 

d 

= \ H \ 2 ^2(w,g j w)n' 1 {g ic g j w) 
3=1 

by the definition of /L □ 

With the notation and identifications of above we can state the main result of this section 

Theorem 3.5. The Kanev and Schur correspondence K w and S w on the curve C = X/H 
associated to w are related as follows 

S W + \H\ 2 (A-K W ) = [(w,w) + l]\H\ 2 T, 

where A denotes the diagonal in C x C and T = tfj*ip the trace correpondence of the morphism 

Proof It suffices to show that [S w + \H\ 2 (A-K w )](c) = [(w,w) + l]\H\ 2 T(c) for all c 6 ^{U). 
But applying Propositions 13.21 and 13.41 we have 

d 

\S W + \H\ 2 {A-K w )){c) = ^^{w.g^^^g^ + c 

i=i 

d 
3=2 

d 

= \H\ 2 ((w,w) + l)^2fi~ 1 (g ic g j w) 

3=1 

But the left multiplication with gi c permutes only the elements giw, . . . , g d w, which implies 
that Yl d j=il l ~ 1 {9i c 9j w ) = V' _1 V ; ( C ) — T(c). This completes the proof of the theorem. □ 
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To every correspondence with rational coefficients on C one can associate an element of the 
endomorphism algebra End<g (JC) of the Jacobian JC in a natural way. If a w and k w denote the 
elements of Endjj( JC) associated to the correspondences S w and K w , we get as a consequence 

Corollary 3.6. The elements a w and ~K W of Endjj(JC) associated to the Schur and Kanev 
correspondences satisfy the following equation 

K w — i-JC + 



H\ 2 

Proof. This follows from the fact that the natural map from the ring of correspondences to 
Endq)( JC) is a homomorphism, under which the trace correspondence maps to zero and Ac to 
he- □ 

Another consequence of Theorem 13.51 is that S w is a correspondence with integer coefficients. 
This implies that \H\ 2 ■ a w is an endomorphism of JC. The abelian subvariety 

B w :=Im(\H\ 2 -a w ) 

is canonically associated to the pair (A,u>). It certainly depends on w. However according 
to [IU] all abelian subvarieties B w are isogenous to each other, as long as w ^ 0. We call 
any abelian subvariety in the isogeny class of B w the isogeny component associated to the 
representation W . 

On the other hand, if the correspondence K w is fixed point free, Kanev's theorem (see [2], 
Theorem 12.9.1) implies that the abelian subvariety 

P(C,K W ) := Im(n w - 1 JC ) 

is a Prym-Tyurin variety, i.e. an abelian subvariety of JC such that the canonical principal 
polarization of JC restricts to a multiple of a principal polarization. In any case, the following 
corollary is an immediate consequence of Corollary 13.61 

Corollary 3.7. P{C,k w ) = B w . 

Finally Theorem 13.51 allows us to compute the degree and the exponent of the Kanev corre- 
spondence K w . Recall that d = deg?/> = [G : H\. 

Corollary 3.8. deg^ w = 1 - d((w, w) + 1). 

Proof. As we noted in Section 2, degS^ = which implies degS w = 0. On the other hand, 
degT = d and degA = 1. So Theorem 13.51 gives the assertion. □ 

Recall that the exponent of the correspondence K w is by definition the exponent of the 
abelian subvariety of JC associated to it. It is the number e such that K w satisfies the equation 
k 2 w + (e - 2)k w - (e - 1) = 0. 

Corollary 3.9. The exponent of the correspondence K w is 

e = e(K w ) = J-^ w \ 
n 

Note that (w, w) is negative. So e is a positive integer. 
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Proof. Since p w is an idempotent, we get from the definition of S w in Section 2, S^, = ^ S w . 
This means for the associated endomorphism o~ w of JX 

2 \G\-(w,w) 
o~ w = o- w . 

n 

If (p* : JX — > JC denotes the norm map and <p* : JC — > JX the pull-back map associated to 
the morphism if : X — > C, the endomorphisms cr^ G End( JX) and (f m G End( JX) are related 
by 

a w = ip*a w ip*. 

This implies, since p*p* is multiplication by degip = \H\ on Im ip* C JX, 



cr^ = (p*a w (p*(p*o- w <p* = \H\ ■ p*cr w <p* = LUilHi^li " ; . cr w . 



|#||G|(u;,u;) 



Applying Corollary 13.61 this gives 

mm n - x2 °l \G\(w,w) a w 

(3.2) (i JC _ Kw ) = = . __ = e ■ (1 JC - ^) 

with e = — d '^ w "> or equivalently + (e — 2)k w — (e — 1) = 0. □ 

Remark 3.10. In the set up of [8] Corollaries 13.81 and 13.91 have been proven in Propositions 
5.2 and 5.3. 

4. Dimension of P{C, k w ) and fixed points of K w 

Let the notation be as above. In particular X is a curve with G-action, w a weight of the 
representation A, and we have diagram ( 12. II) . First we compute the dimension of the abelian 
subvariety P(C,k w ) associated to the Kanev correspondence K w . Note that e and degX„, have 
been computed in Corollaries 13.81 and 13.91 

Proposition 4.1. dimP(C, k w ) = ~(gc — degK w + ^ — — ). 

e 2 

Proof. According to (13.21) the element -(ljc — k w ) ^ EndQ(JC) is the symmetric idempotent 
corresponding to the abelian subvariety P(C,k w ). Hence [2] Corollary 5.3.10 gives 

dimP(C,7t„,) = Tr a (-(1 JC - Kw)) = -{gc ~ ~Tr r (K w )). 

e e 2 

On the other hand, according to [2j Proposition 11.5.2 we have for the rational trace of ~K W 

Tr r (K w ) = 2 degK w - (K w ■ A) 

which completes the proof of the proposition. □ 

In order to compute the number (K w ■ A) of fixed points of the Kanev correspondence, we 
need to know more about the ramification of the map tt : X —>■ P 1 . Let B = {b\, . . . , b s } G P 1 
denote the branch locus of tt : X — > P 1 which we assume also to be the branch locus of 
ip : C —>■ P 1 . According to Remark 12. II this assumption is fullfilled if the represesentation W is 
faithful, which is the case for all interesting examples. Denote U = P 1 \ B and 

m : 7Ti(?7,^o) -> G G S d 
the monodromy homomorphism of ip with respect to some base point £o £ U. 
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Let {Ci, . . . ,C r } denote the set of non-trivial conjugacy classes of cyclic subgroups of G. 
We say that the branch point 6, G B of the map tt is of type Cj if the following condition is 
satisfied: Let 7$ be a standard loop composed by a path 7 starting at £0, a small positively 
oriented circle around bi and 7 -1 . Then 771(7$) is contained in some representative of the class 
Ci. In other words, considering the action of G on X, the stabilizers of the points in the fibre 
of bi G B belong to the conjugacy class Cj. 

We assume in the sequel that aj branch points bi G B are of type Cj for j = 1, . . . r. In 
particular Y^j=i a j = s - I* 1 terms of these data the genus of C has been computed in [9], 
equation (10) and independently in [12], Corollary 3.4. If Gj denotes a representative of the 
class Cj , 

(4.1) £ C = -d + i + I^ tti ( d _ \H\G/Gj\) 

A 3=1 

where \H\G/Gj\ denotes the number of double cosets of the subgroups H and Gj in G. More- 
over, using Corollary 13.71 [12J, Corollary 5.12 gives 

1 r 

(4.2) dim P(C, k w ) = -n + - Y^a,(n - dim Fix Gj (W)). 

3=1 

Applying these results we obtain with the notation as above for the number of fixed points 
(K w -A)ofK w , 

Proposition 4.2. (K w ■ A) = Ylj=i a j {e(dimW - dim Fix Gj (W)) - ([G : H] - \H\G/Gj\)) . 
Proof. Applying Proposition 14.11 we have, using (14.11) and (14. 2 j) 
(K w -A) = 2(edimP(C,K w ) + degK w -g c ) 

r 

= ^otj(en -d+ \H\G/Gj\ - e dim Fix Gj (W)) + 2(degK w + d - 1 - en). 
3=1 

But deg K w + d — 1 — en = according to Corollaries 13.81 and 13.91 This implies the assertion 
recalling that n = dim W and d = [G : H] . □ 

Remark 4.3. Recall that [G : H] = dimlndg and \H\G/G,\ = dim Fixq. (Ind^) , where Ind| 
is the representation of G induced by the trivial representation of H . Thus the fixed points of 
the correspondence are contained in the ramification points of the covering and such a point is 
a fixed point of K w if and only if the codimension of Fix G (J^d H ) in Ind^ is strictly smaller 
than the e-fold of the codimension of Fix Gj (W) in W. 

5. Examples 

5.1. The Weyl group of E 6 . Let G = W(E 6 ) denote the Weyl group of type E 6 . We use the 
notation of Bourbaki [3J. Let A denote the root lattice. So W = A®Q is the root representation 
and the action of G is generated by the 6 reflections s ai associated to the simple roots for i = 
1, . . . , 6. As a weight we choose the fundamental weight zu e = |(2ai+3a 2 +4a;3+6a4-|-5a5+4a; 6 ). 
With respect to the basis «i, . . . , a 6 bilinear form ( , ) is given by the negative of the Cartan 



12 



HERBERT LANGE AND ANITA M. ROJAS 



matrix. This implies (zu 6 ,zu 6 ) = — |. The stabilizer H of wq is the subgroup of G generated 
by {s a , I 1 < * < 5}. It is of index d = 27 in G. Finally, let X denote a curve with G-action, 
with quotient X/G = P 1 and associated diagram (12. ip . 

Choosing a set of representatives g^ 1 < i < 27 for the left cosets of H in G we have with 
the notation of Proposition 13.21 for the associated Kanev correspondence 

27 
3=1 

where i runs from 1 to 27, representing the case //(c) = giTu e . Computing the matrix (a^) 
(using Maple) one obtains the incidence matrix of the 27 lines on a general cubic surface as it 
should be (see [S]). 

The group G = W(E e ) has 24 non-trivial cyclic subgroups up to conjugacy. We distinguish 
two of them: 

• C\, the class of subgroups of relections i.e. conjugated to G\ =< s ri >, 

• C*2, the class of cyclic subgroups of order 3 conjugated to G2 =< s ri s r2 >. 

Note that the points of type C\ correspond to points of " simplest ramification" , whereas the 
points of type C2 are not allowed in [8]. 

Using Corollaries 13.81 and 13.91 and Proposition 14.21 and noting that 

\H\G/Gx\ = 21, \H\G/G 2 \ = 15, dimFix Gl W = 5, dimFix G2 W = 4 

we conclude 

Proposition 5.1. Suppose the Galois covering tt : X — > P 1 admits only branch points of type 
C\ and Ci- Then the Kanev correspondence K W6 is fixed point-free with exponent 6 and degree 
10. 

Notice that with Proposition 14. 21 one can also show that any other branch point leads to fixed 
points of K m& . 

Corollary 5.2. Assume in addition that tt : X —>■ P 1 admits a branch points of type C\, 
(3 branch point of type C2 and no branch points of another type. Then the abelian variety 
P(C, K ro6 ) is a Prym-Tyurin variety of exponent 6 and dimension ^ + (3 — 6 in the Jacobian of 
C of dimension g(C) = 3a + 6(3 — 26. 

Proof. According to Proposition 15.11 the correspondence K m(i fixed point-free of exponent 6. 
Hence Kanev's criterion (see [HI Theorem 12.9.1]) implies the first assertion. The formula for 
the dimension follows from Proposition 14.11 and equations (14. ID and (14 .21) . □ 

We are left with the question of existence of such a Galois covering. 

Proposition 5.3. For a = 12 + 2k and (3 = 2n with non-negative integers k and n there exist 
Galois coverings it : X — > P 1 with group G = W(Eq) ramified exactly over a points of type C\ 
and f3 points of type C 2 . The dimension of the corresponding Prym-Tyurin variety is in this 
case 

dimP(C, K ro6 ) = k + 2n. 
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Proof. According to [12] . the question of existence is equivalent to finding a subset of C\ or C 2 
or both, generating G and having trivial product. Since G is generated by 6 reflections, we 
can certainly generate G with 12 reflections with trivial product. On the other hand, it is not 
possible to generate G with elements C2 alone. However we can add to the 12 reflections an 
even number of elements of C% and C2 (add with an element also its inverse) keeping the trivial 
product. This proves the first assertion. The last assertion follows from Corollary 15.21 □ 

Remark 5.4. The coverings with no branch point of type C2 are exactly the coverings "with 
simplest ramification" occurring in [8]. Hence our construction gives new examples of Prym- 
Tyurin varieties. 



Remark 5.5. The family 1Zg(oc,(3) of Galois coverings as in Proposition 15.31 is of dimension 
a + (3 — 3 = 9 + 2n + 2k. On the other hand, the moduli space Ak+2n of principally polarized 
abelian varieties of dimension k + 2n has dimension ( fc+2n )(fc+ 2n+1 ) _ 

Hence dim7?.G(24, 0) = dim^4 6 = 21 and similarly dim 7^0(14, 2) = dim^4 5 = 15. The natu- 
ral question to ask is of course: Is a general principally polarized abelian variety of dimension 
6 a Prym-Tyurin variety of exponent 6 in this way? 

5.2. The alternating group. Let G = A n denote the alternating group of degree n for n > 4. 
Denote by e\, . . . , e n the standard basis of M n . Then 

A = < E x = ei - e 2 , . . . , E n _ x 

is an absolutely irreducible Z-representation of rank n 



w 



The bilinear form 



n-2 

E 



n 



e,- - 



71 



E 

i=l 



1 

71 



1 of G. As a weight we choose 
J2 + (n- 2)E n _ 1 



n-2 




for i 



i = 3, 
j + 1 or i = j - 1, 
otherwise. 



This implies 



2(n - 2) 
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{n— l,n} 



x < (n — 1 ri) > and we 



Clearly the stabilizer of 00 in A n is H = M fl A n where M = S n _ 2 
have 

[A. : H] = ^11. 

Notice that with the notation of [3j, A is the restriction of the root lattice of the symmetric 
group of degree n, the weight is uo = w n _2 and the bilinear form is given by the negative of the 
Cartan matrix. 

Finally let X denote a curve with G-action, with quotient X/G = P 1 and associated diagram 
(12.11) . Let C3 denote the conjugacy class of cyclic subgroups of order 3 generated by elements 
of the form (ijk). 
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Proposition 5.6. Suppose the Galois covering ir : X —>■ P 1 admits only branch points of type 
C 3 . Then the Kanev correspondence is fixed point-free with exponent n — 2 and degree 
\(n 2 -5ra + 6). 

Proof. Let G 3 G C3 any representative of the class. According to Proposition 14.21 we have to 
compute dimFixcg W and \H\G/G 3 \. First note that 

diniFix G3 W = < Ind^™ l Gs , A >, 

where < , > denotes the character product of representations and Ind^™ 1q 3 is the induced 
representation from the trivial representation of G 3 to A n . By Frobenius reciprocity we conclude 

dim Fix G3 W = < l G3 ,Res G3 A > = — !— Xio s (fl , ~ 1 )XA(fl') = n - 3. 

1 3| <?eG 3 

For the double cosets cardinality |if\G/(j3|, note that H\A n is in bijective correspondence 
with the orbit of {n — 1, n} in the set P of unordered pairs and that a G A n acts from the left 
on P mapping {a, b} to {c(a), cr(6)}. Hence we just need to count the orbits P/G 3 of G 3 in the 
set P. 

Now we use Polya-Burnside formula: 

\P/G S \ = (1/\G 3 \) J2 \P 9 \- 

Here G3 = {id, gi, g± }, thus for g = id we have |P 9 | = Q); because it fixes all the pairs. For 
the other two elements of G3 the cardinality of P 9 is (™~ 3 ) , because an element (i j k) G G3 
fixes exactly the pairs not intersecting the set {i, j, k}. 

We conclude that the number of orbits is ^((2) + 2( n 2 3 )), which gives 

\H\G/G 3 \ = " 2 ~ 5 2 " + 8 . 

Using this we obtain from Proposition 14.21 that K w is fixed point-free. Finally Corollaries 13.81 
and 13.91 give the formulas for e and degA^. □ 



The proof of the following corollary is the same as for Corollary | 

Corollary 5.7. Assume in addition that tt : X — ► P 1 admits a branch points of type C3 and 
is brancj point-free elsewhere. Then the abelian variety P(C,uj) is a Prym-Tyurin variety of 
exponent n — 2 and dimension a — n + 1 in the Jacobian of C of dimension a(n — 2) + 1 — (™) . 

Again we have to check the existence of such Galois coverings. In the same way as Proposition 
we deduce 



Proposition 5.8. For a > 2(n — 2), n > 4 there exist Galois coverings with group A n ramified 
exactly over a points of type C 3 . 

Remark 5.9. The abelian variety P(C,u) is isogenous to a Jacobian variety. In fact, consider 
the subgroup N = A n n S n -i of index n in A n , and the quotient curve X/N. It is easy to see 
using (12] its genus is given by 

g x/N = -\A n :N\ + 1 + ^a(\A n : N\ - \N\A n /G 3 \) = a-n + l. 
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Moreover, the representation of A n induced by the trivial one of N decomposes as 1©A therefore 
the Jacobian variety JX/N of the curve X/N is isogenous to the factor B w corresponding to A 
in the isotypical decomposition of JX (see P2] ) • But we showed that the Schur and the Kanev 
correspondence yield the same abelian subvariety, implying that JXn is isogenous to P(C,u). 
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